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Abstract

This paper purposes to modify multivariate control chart with multivariate spatial signs and ranks. The Monte Carlo
simulation is used to compare the performance of the control chart based on the ARL. The modified control chart is
sensitive to small shifts monitoring in the process mean vector and provide fast signals for detecting small shifts with
more efficiency for symmetric t-distribution data. The results show that the SSRM outperforms MEWMA,
dMEWMA, and SSRAM control charts in detecting small shifts of all smoothing parameter and in detecting moderate
and large shifts outperform with the large smoothing parameter. The most industrial has current data and the industrial
situations prefer large values of the smoothing parameter, thus the SSRM is more appropriate to kurtosis data in
detecting small shifts for process mean monitoring and not interest in the resolution of data.
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1. Introduction

Quality is generally determined by several quality characteristics which may be correlated. Each of these quality
characteristics must satisfy certain specifications. The quality of the product depends on the combined effect of many
input variables rather than their individual values. In monitoring situations, multivariate control charts are powerful
tools. This method considers the correlation between variables, monitors more than one variable simultaneously and
takes this correlation of process variables into account by the mean vector. The multivariate control charts reflect the
process situation more precisely and are able to detect the out-of-control situation. Then it is needed for monitoring
and diagnosis purposes in modern manufacturing systems. However, the non-normality is a factor that can reduce the
effectiveness of the multivariate control charts (Rama-Mohana-Rao 2013).

The main advantage of the non-parametric control charts is the flexibility derived from not needing to assume any
parametric probability distribution for the underlying process, at least as far as establishing and implementing control
charts are concerned. Obviously, this is very beneficial in the field of process control, particularly in the start-up
situation where not much data is available to use a parametric procedure (Das 2008).

This research interests in the modification of Multivariate Control Chart Using Spatial Signs and Ranks for monitoring
process mean by applying with t-distribution in the simulation.

2. Multivariate Spatial Signs and Ranks
Oja (2010) lets X = (x1, X2, ..., Xn), i =1, 2,...,n be an nxp dataset. The multivariate concepts of spatial signs, spatial
ranks and spatial signed-rank are then given in the following. The empirical spatial signs, spatial ranks and spatial

signed-rank functions U(x), R(x) = R«(x), and Q(x) = Qx(x) are defined as

Ux)= | |x'x, x=0
0, x=0 (1
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R(x) = AVE{U(x - x)} (2)
Q(x) = Y2[Ru(x) + R«(x)] 3)

where  ||x|| = (x'x)"? is the Euclidean length of vector x.

Observe that in the univariate case regular signs, ranks, and signed-rank functions are obtained. Clearly multivariate
signed-rank function Q(x) is also odd; that is, Q(—x) = —Q(x). The observed spatial signs are U; = U(x). As in the
univariate case, the observed spatial ranks are certain averages of signs of pairwise differences

Ri = R(Xi) = AVEj {U(Xi — Xj)} (4)
Finally, the observed spatial signed-rank are given as
Qi=Q(x) =2 AVE{U(xi — xj) + U(xi + X))} O]

The spatial signs Uj is just a direction vector of length one (lying on the unit p-sphere) whenever x; # 0. The centered
ranks R; and signed-rank Q; lie in the unit p-ball. The direction of Ri(Q;) roughly tells the direction of y; from the
center of the data cloud (the origin), and its length roughly tells how far away this point is from the center (the origin).
The next theorem collects some equivariant properties.

The spatial signed-rank of the transformed observations, @i are called standardized spatial signed-rank. The
multivariate spatial signed-rank test based on the inner standardization then rejects Hy for large values of

QAXS'?)=1,0(0'Q)"'Q'1,=np.|AVE{Q }/AVE{| Q |3} (6)

which is simply nxp times the ratio of the squared length of the average signed-rank to the average of squared length
of signed-rank. Then the multivariate spatial signed-rank test statistic calculated for the transformed data set,
Q?(XS'?) is affine invariant and under the null hypothesis Ho : p =0

In this research, the R package, named “SpatialNP” by Sirkii et al. (2017), is used to transform randomly generated
data set to be spatial signed-rank data. And the R package, named “MNM” by Nordhausen et al. (2018), is used to test
statistical of spatial signed-rank dataset for the affine invariant test.

The methods based on spatial signed-rank are more robust, more efficient for heavy-tailed distributions than normal
theory based methods (Méottonen and Tienari 1997). Chakraborty and Chaudhuri (1998) presented the spatial signs
and ranks methods can be developed by using the well-established transformation-retransformation techniques with
an inner standardization. This computationally intensive modifications of the transformation-retransformation
procedures can be used as general tools to achieve affine invariant and equivariant properties as Nevalainen et al.
(2018) reported.

3. Modified Multivariate Control Chart
3.1 SSRM Control Chart

The Spatial Signed-Rank Multivariate Exponentially Weighted Moving Average (SSRM) control chart is modified
from Multivariate Exponentially Weighted Moving Average (MEWMA) control chart. The equation of MEWMA is
yi = AX; + (I-A)yi-1, i=1, 2,...,n (Alkahtani and Schaffer, 2012)

where i is the i" MEWMA
xi is the it observation vector of t, (V=5)(txi,Xx) With pixi = (0, 0, ..., 0) and Yy = [ 1 0'5]

05 1
yo is the average from the historical data, yo = po = (0, 0, ..., 0)

p is quality characteristic variables in pxp diagonal matrix, p = 2,3, and 4
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A is diagonal smoothing parameter matrix equal to diag(A1, Ao, ..., Ap) with
0<2i<1,j=1,2,...,p and A= 0.05, 0.1, 0.2, 0.3, 0.35, 0.4, 0.5 and 0.8
I is identity matrix.

The modified equation of SSRM is written by

Q(y) = AQ(xi) + (I=A)Q(yi-1) (7

where  Q(yi) is the i" SSRM
Q(yo) is the average from the historical data, Q(yo) = (0, 0, ..., 0)
Q(x;) is the i Signed-Rank of x;

2o = (M2-0)(1-(1-0)) o) (®)

where  Xqi) is the exact variance-covariance matrix of Q(yi)
220w 1 the variance-covariance matrix of Q(xi)

Q™M = Q(yi) Zaw™ Qi) (€))

where  Qi%5®M is the SSRM statistic
If QiSS®M >ycl, then the signal gives an out-of-control.

3.2 SSRdAM Control Chart

The Spatial Signed-Rank double Multivariate Exponentially Weighted Moving Average (SSRAM) control chart is
modified from Double Multivariate Exponentially Weighted Moving Average (IMEWMA) control chart. The
equation of IMEWMA is z; = Ayi + (I-A)zi-1, 1=1, 2,...,n (Alkahtani and Schaffer, 2012)

where  z; is the i IMEWMA
7o is the average from the historical data, zo = po = (0, 0, ..., 0)’

Double calculation of modified equation of SSRM from (7) is written by

Q(z) = Qyi) + (I=A)Q(zi-1) (10)

where  Q(z) is the i" SSRAM
Q(zo) is the average from the historical data, Q(zo) = (0, 0, ..., 0)’

Y@= A (1=(1=-2)3(1+(1=-L)>=(i+1)2(1-A)H+(212+2i-1) (1-1) 2= (1-1) 2N o) (11)
where Yo is the exact variance-covariance matrix of Q(z;)

QSSRM = Q(z1) Zow@)" Q(zi) (12)

where  Q;SSRM is the SSRAM statistic
If QiSSRIM >ycl, then the signal gives an out-of-control.

4. Average Run Length

The performance of control charts is measured by the ARL = 1/Pr. The ARL is a geometric distributed random
variable, which gives the probability (Montgomery 2013). The first occurrence of success which requires n
independent trials of each success is called probability, Pr, that any point exceeds the control limits. The geometric
distribution is written by

Prob(x =1) = (1 - Pr)*'Pr, Pr (0,1) (13)
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The expected value, E(x) of a geometrically distributed random variable x is ARL. The variance, Var(x) is equal to
(1 — Pr)/Pr? and the standard error of the mean, SE(x) is equal to /Var(x)/n .

In the simulation process, the ARL is calculated by the sum of the number of successive points that in-control before
a signal move to out-of-control situation divided by the number of repeating. In this article uses n =15,000 units, be
random vectors in a process with symmetric non-normal t-distributions with kurtosis equal to 9 at all p. This can be
estimated from preliminary pxn sample data matrix with 5,000 sets repeating as NCSS (2018) presented. The
simulations are used to determine UCL for ARLy = 370 at all A. All ARL calculations are completed based on Monte
Carlo simulations via Matlab software.

The ARL performance of the MEWMA, dMEWMA, SSRM, and SSRAM control charts depend on A, p and 2. through
the non-centrality parameter & =[(Lshif - Hearget) 2 (Ushift - Meareet) ]’ The & is used to measure the multivariate distance
from piarger (target mean) to Wnire (shift mean). The & = 0 is in-control but the 6 = 0.1, 0.25, 0.5, 1, 1.5, and 2.5 and the

process mean, Lshifi, are out-of-control.

5. Research Methodology

‘ Generate the random vectors x; ‘
]

v

Transformx; to be spatial signed-rank data Q(x; )
and affine invariant test.

v

Computing the MEWMA control statistic, Ti2
and the AIMEWMA control statistic, T,

\
v
Computing the SSRM control statistic, Q;
and the SSRAM control statistic, Q3SR

SSRM

» <

Use simulation to calculate the Upper

Control Litmits with bisection method by
setting the control statistic T, Tdif

A

QiSSRM , and QiSSRdM > UCLs for

calculate ARLo for all control charts

no
ARLo reach to 370

Calculate pg,; by simulation and using
variance-covariance matrix of each
control chart

v

Add pg,s to the first column of x;
and Q(x; ) of each control chart

Computing the MEWMA control statistic,Ti2
the IMEWMA control statistic, Tdi2
the SSRM control statistic, Q;5S*™ and
the SSRAM control statistic, QiSSRdM

Setting the control statistic Tiz , Tdiz,
QiSSRM , and QiSSRdM > UCLs for
calulate ARL: for all control charts

Testing

normal distribution by
using Kolmogorov-Smirnov
statistic

yes

Optimization of all
control charts with
Friedman statistic test

Optimization of all control
charts with randomized
complete block design

%

Conclusions

Figure 1. The proposed conceptual model

Record UCLs
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The Monte Carlo simulation process is conducted in two phases. Phase one calculates the UCLs for the MEWMA,
dMEWMA, SSRM, and SSRdM control charts, respectively, for the in-control average run length (ARLo). Phase two
calculates the out-of-control average run length (ARL;) for monitoring the process mean. Finally, the ARL; from
phase two simulation from four types of control charts are compared.

6. Results and Discussions

The results of inner standardization to x; give the shape of the affine invariant and equivariance of the location estimate.
The scatter plot of original data transform to spatial signs, spatial ranks and spatial signed-rank as in figure 1.

1.0 10
4 -
5 05 05
S0 & 0.0 00
27, 05 05
472 o et -
T 40— — A e e ey 10
4 4.0 0.0 05 1( 1.0 00 05 10 4.0 00 05 1l
x1 *1 x1 x1
(a) Original data (b) Spatial signs (c) Spatial ranks (d) Spatial signed-rank

Figure 2. The scatterplots of x; by 500 samples with inner standardization

The results of ARL; comparisons for p (quality characteristic variables), A (smoothing parameter), and & (non-
centrality parameter) from x; of the ARL, are approximately equal to 370 which is 3¢ limits. There is 0.27 percentage
of processes outside of the control limit. In Table 1-6, the ARL; are rounded-up because in practical ARL, is integer
number. The SE(x;) in parentheses are the quality of the mean of the randomized repeatedly that calculated after round-
up ARL;.

The trend of change in the ARL; for the MEWMA and dIMEWMA are increasing as A increases. But on the other
hand, the ARL; for all control charts tend to decrease as  increases for all p. Consistently with previous studies, the
ARL, generally tends to increase as A increases, except for very large values of d (or large shifts) (Montgomery 2013).
For the SSRM and SSRAM control charts are modified with the Multivariate Spatial Signs and Ranks that affect the
UCLs of both charts decrease continuously. The UCLs of the SSRM chart decrease quickly at A > 0.35. These make
the charts more effective in detecting waste at the A more increase. The ARL, for the SSRM tends to decrease when
A 2 0.35 for all p and the SSRAM tends to decrease when A > 0.4 at p =2 and 3, and A = 0.8 at p = 4. The decreasing
of UCLs affect the ARL; decreases, it indicates that both SSRM and SSRdM are more effective in detecting more
waste when data are standardized by Spatial Signs and Ranks.

The values of ARL, for all control charts tend to increase when p is increased. The increasing of p affect the value of
> increase then values of UCLs increase. These effects reduce the sensitivity of the detection of waste when p is
increased. The results consistent to the previously studied as shown in “introduction to statistical quality control” book
(Montgomery 2013).

The p-value of Kolmogorov—Smirnov test equal to 0.00 that has significant differences, the ARL; are not normally
distributed. Therefore, the Friedman test is chosen to test the performance of control charts which the p-value of
Friedman test equal to 0.00 that has significant differences. The star-sign in the blanket, [*], indicates the rank of the
means of ARL; of the control chart and shows that control chart has the most performance.
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7. Conclusions

Modified Multivariate Control Chart Using Spatial Signs and Ranks for Monitoring Process Mean of symmetric
t-distribution data is presented base on the ARL; property. The Friedman test is used to compare the means between
MEWMA, dIMEWMA, SSRM, and SSRAM control charts and to select the highest performance of control charts.

The SSRAM shows better performance at small 0.05 <A < 0.2 for all p. When consider at small A = 0.05, The SSRAM
can detect in moderate shift (& = 1) and some large shifts (6 = 1.5) and underperform when A increases, A = 0.1 can
detect in large shifts (6 > 1.5), at A = 0.2 can detect in some large shifts (6 = 2.5) and at 0.3 < A < 0.8 can detect
underperform SSRM. The SSRAM will underperform when A increases. It indicates that the SSRAM interest in the
resolution of data with both historical and current.

The SSRM shows better performance than others for all p. When consider at small A= 0.05, The SSRM can detect in
small shifts (8 < 0.5) and outperform when A increases, at A= 0.1 can detect better in small shifts (5 <0.5) and moderate
shift (6 = 1), at L = 0.2 can detect better in small shifts (6 < 0.5), moderate shift (5 = 1) and some large shifts (6 =
1.5) and at 0.3 <A < 0.8 can detect better in all small shifts (6 < 0.5), moderate shift (6 = 1) and large shifts (& > 1.5)
in the process mean vector. The SSRM will have a better performance when A increases. It indicates that the SSRM
not interest in the resolution of data.

In the industrial world, the data are not a normal distribution and Baxley (1990) reported, the results for a simulated
industrial process requiring a larger A (A =0.35). The results of this study show that the SSRM is superior for detecting
small, moderate and large shifts with A > 0.3 at all of p. And the SSRM is superior for detecting small shifts (5 < 0.5)
for all A and p, thus the SSRM is the more modern appropriate alternative for process mean monitoring in industrial.
It is suitable to be used in the industry because most of the industry has the current data.
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